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Abstract 

We give several construction methods and use them to produce many exam- 
ples of proper biharmonic maps including biharmonic tori of any dimension 
in Euclidean spheres (Theorem 12.21 Corollaries 12. 31 12.41 and 12. 6p , biharmonic 
maps between spheres (Theorem I2.9|) and into spheres (Theorem I2.10p via 
orthogonal multiplications and eigenmaps. We also study biharmonic graphs 
of maps, derive the equation for a function whose graph is a biharmonic hy- 
persurface in a Euclidean space, and give an equivalent formulation of Chen's 
conjecture on biharmonic hypersurfaces by using the biahrmonic graph equa- 
tion fTheorem l4.1|) which paves a way for analytic study of the conjecture. 

1. INTRODUCTION 

In this paper, all manifolds, maps, and tensor fields are assumed to be smooth 
if there is no otherwise statements. 

A biharmonic map is a map p : (M, g) — > (N, h) between Riemannian mani- 
folds that is a critical point of the bienergy functional 



for every compact subset Q of M, where r((p) = Trace s Vd<£> is the tension field 
of if. The Euler-Lagrange equation of this functional gives the biharmonic map 
equation ([15]) 

(1) r 2 ( V ) := Trace 9 (V^ - V£ w )r(p) - Traced (d<^, r( V ))d V = 0, 
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which states the fact that the map <p is biharmonic if and only if its bitension 
field r 2 ((p) vanishes identically. In the above equation we have used R N to denote 
the curvature operator of (N, h) defined by 

R N (X,Y)Z = [V»,V»]Z -V? X>Y] Z. 

Clearly, it follows from ([T]) that any harmonic map is biharmonic, so we call those 
non-harmonic biharmonic maps proper biharmonic maps. 

A submanifold is biharmonic if the isometric immersion defining the submani- 
fold is a biharmonic map. It is well known that an isometric immersion is minimal 
if and only if it is harmonic. So a minimal submanifold is trivially biharmonic 
and we call those non- minimal biharmonic submanifolds proper biharmonic 
submanifolds. 

Examples of proper biharmonic maps are very difficult to find. Most of the 
known examples come from the following families. 

1. Biharmonic isometric immersions: (i) The generalized Clifford torus 
^("Tf) x ^("Tf) c— > ^ n w ^ n P 7^ <1,P + q = n ([T7]): (ii) The hypersphere 
S n (^)^ S n+1 (0); (iii) Biharmonic cylinder : S^JxR^^xl 
(|26J); (iv) The hyperplanes z = k (k is a constant > —C) in the 

conformally flat space (R™ +1 , h = {^) 2 {J2T=x dx l + d ^ 2 )) (t 26 J); 

2. Biharmonic conformal immersions: (i) The inversion in 3-sphere: 
: R 4 \ {0} — ► R 4 with <f>(x) = ^ ([I])- This is also the only 
known biharmonic morphism which is not a harmonic morphisms (|20j); 
(ii) Some proper biharmonic identity maps [20]: Euclidean-to-Hyperbolic 
space, id : (H 4 = R 3 x R+, ds 2 ) — > (H 4 ,xfds 2 ) and id : (B 4 = {x E 
R 4 : \x\ < l},ds 2 ) — ► (5 4 ,4(1 - \x\ 2 )- 2 ds 2 ); Euclidean-to-spherical 
space, id : (R 4 , ds 2 ) — > (S 4 \ {iV},4(l + \x\ 2 )~ 2 ds 2 ). (iii) Confor- 
mal immersions from Euclidean space into space forms [25] : ip : (R 3 x 
R+,g = S i:j ) — > (H 5 = R 4 x R + , h = y^ 2 S al3 ) with tp{x u . . . , x A ) = 
(l,x 1 ,...,x i ) andy? : (R 4 ,^ = — (S 5 \ {N} = R 5 ,h = j^fo) 
with (p(ui, . . . , U4) = (ui, . . . , W4, 0), where (ui, . . . , U5) are conformal co- 
ordinates on S 5 \ {N} = R 5 ; (iv) The conformal biharmonic surfaces in 
R 3 [25]: For A 2 = {C 2 e ±z ' R - C 1 C 2 1 R 2 e^ z ' R ) /2 with constants C U C 2 , 
the maps0 : (D,g = X~ 2 (R 2 d9 2 + dz 2 )) — ► (R 3 ,da 2 = dp 2 + p 2 d9 2 + dz 2 ) 
with <f)(8, z) = (R, 8, z) is a family of proper biharmonic conformal im- 
mersions of a cylinder of radius R into Euclidean space R 3 , where D = 
{(9, z) E (0, 2tt) x R : z ^ ±f ln(dR 2 /C 2 )}. 
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3. Biharmonic horizontally weakly conformal maps: (i) Hopf con- 
struction map : R 2 x M 2 — > R x M 2 , (j)(z,w) = (\z\ 2 - \w\ 2 ,2zw) with 
the standard Euclidean metric on the domain and certain conformally 
flat metric on the target space ([27]); (ii) The map '■ ^ 3 — > (^ 2 ><?) 
with <j)(xi,X2 } xs) = (^/xf + x\ , X3) and a certain conformally flat metric 
9 ([21!); (iii) Biharmonic Riemannian submersions [20] : 

: (M 2 x K, dx 2 + dy 2 + (3 2 (x)dz 2 ) -> (M 2 , dx 2 + dy 2 ), <f){x, y, z) = (x, y) 
with ci,c 2 G R*, /3 = c 2 eff^ dx , and /(x) = ~ c \^clx \ is a family of 
biharmonic Riemannian submersions; 

4. Biharmonic maps which are neither conformal immersions nor 
horizontally weakly conformal maps: (i) The composition of the 
Hopf map and the inclusion: S 3 (^) — ► S 2 (^) ^ S 3 ([E]), and 
more generally, the pull-backs of proper biharmonic maps S m (^=) 
S m+1 (m = 2,4,8) by the Hopf fibrations S 2 ™' 1 — > S m (^=) ([M]); (ii) 
The composition of a harmonic map ip from a compact manifold with 
constant energy density and the inclusion map of a biharmonic hypersur- 
face |l8j : ioi/j : (M,g) — ► ^"(^j) ^ S n+1 ; (iii) The axially symmetric 
biharmonic maps [3J: : (0, 00) t 2 x S 171 ^ 1 — > K x j2 S 1 ™ -1 , 4>(t,x) = 
(p(t), (po(x)), where y2 is a constant map; : R m \ {0} — > M m \ {0} with 
0(x) = x/|x| m ~ 2 , m^4. 

In this paper, we give several construction methods and use them to produce 
many examples of proper biharmonic maps including biharmonic tori of any di- 
mension in Euclidean spheres (Theorem 12. 2\ Corollaries I2.3[ I2~4l and 12761) . bihar- 
monic maps between spheres (Theorem 12. 9p and into spheres (Theorem 12.101) via 
orthogonal multiplications and eigenmaps. We also study biharmonic graphs of 
maps, derive the equation for a function whose graph is a biharmonic hypersur- 
face in a Euclidean space, and give an equivalent formulation of Chen's conjecture 
on biharmonic hypersurfaces by using the biharmonic graph equation (Theorem 
14. ip which reveals a similarity to the well-known Bernstein's conjecture on the 
existence of entire minimal graph. We hope this will pave a way and attract more 
work and especially more analytic study to Chen's conjecture on biharmonic hy- 
persurfaces. 

2. Constructions of proper Biharmonic maps 

Let (Mi x M 2 ,g± x g 2 ) be the Riemannian product of manifolds (M|",<?i) and 
(M%,g 2 ). For any map F : (Mi x M 2 , gi x g 2 ) — > (N,h) with F = F(x 1 ,x 2 ) 
we have two families of maps F 1; : (M™, gi) — ► (N, h) with F\{x\) = F(xi,x 2 ) 
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for fixed x 2 G M 2 and F 2 , : (M%,g 2 ) — > (N,h) with F 2 (x 2 ) = F(x 1 ,x 2 ) for 
fixed X\ G M. Then, we know (cf. Section (4.15)) that F is harmonic if 

it is harmonic with respect to each variable separately, i.e., both F\ and F 2 are 
harmonic. This can be generalized to the case of biharmonic maps as 

Proposition 2.1. (Biharmonic maps from product spaces) A map F : 

(Mi x M 2 ,gi x g 2 ) — > {N,h) with F = F(xi,x 2 ) is biharmonic if both Fi and 
F 2 are biharmonic, where, Fx,: (Mf 1 , g\) — > (N,h) with F\(x\) = F{x\,x 2 ) for 
fixed x 2 G M 2 and F 2 ,: (M 2 ,g2) — > (N,h) with F 2 (x 2 ) = F(xi,x 2 ) for fixed 
x± G M. Furthermore, if one of F\ and F 2 is proper biharmonic, then F is a 
proper biharmonic map. 

Proof. Choose a local orthonormal frame {e-i}i=i t ..., m on Mi and a local orthonor- 
mal frame {c a } a= i v .. jn on M 2 so that {e^, c a }i = i y _, tmj a =i,...,n form a local orthonor- 
mal frame on M\ x M 2 . Let irk : Mi x M 2 — > Mk,iTk{xi,x 2 ) = Xk, be the 
projection onto the kth factor (k = 1,2). Then, it is easily seen that 

(2) dF = d(Fi0 7Ti)+d(F 2 7T 2 ), 

The tension field of F is given (see e.g., (4.15) in [11]) by 

m 

r(F) = ^{Vj°-d(Fi o 7n) ei - d(Fi o vn)V MlxM2 eiei } 
i=i 

n 

+ J2^r 2d ( F 2 K)Ca ~ d(F 2 O 7T 2 )V MlXM2 Ca C a } 
a=l 

(3) = r(Fi otti) + r(F 2 ott 2 ). 

Using the fact that the Jacobi operator is linear we have 

(4) r\F) = -J F {t{F)) = -J F [ T {F X o vn) + r(F 2 o vr 2 )] 

= -J F {r(F 1 on 1 ))-J F (r(F 2 o 7 r 2 )) 
= -J Fl07T1 (r(Fi o vn)) - J F ^ (r(F 2 o tt 2 )) 
= r 2 (Fi otti) + r 2 (F 2 ott 2 ) 
= r 2 (Fi) otti + r 2 (F 2 ) ott 2 , 

where the last equality is obtained by using the fact that both 7Ti and ir 2 are har- 
monic morphisms with constant dilations A = 1 and hence biharmonic morphisms 
Q23J). The proposition follows from (jlj) and □ 

Remark 1. It is very easy to see that the converse of Proposition 12. II is not true. 

For example, F : S 1 xS 1 — ► S 3 defined by F(x, y) = (^ cosx, ^ sinx, \ cosy, \ siny) 
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is harmonic (and hence biharmonic) but it is not biharmonic with respect to either 
single variable. 

Example 1. The map F:Rx(R 4 \ {0}) — ► M 4 F(t,x) = M; with rational 
functions as component functions is a proper biharmonic map. The effect of the 
map can be interpreted as an inversion of the point i6l 4 about the unit sphere 
S 3 C R 4 followed by a translation of t unit along the direction of x for t > (and 
opposite direction of x for t < 0). To see that this map is proper biharmonic 
we notice that for each fixed to, the map F(t , •) : R 4 \ {0} — > R 4 is a constant 
multiple of the inversion about 3-sphere which is proper biharmonic by [1J. On 
the other hand, for each fixed Xo, the map F(-,x ) : R — > R 4 is a linear map, 
a straight line and hence a geodesic, which is clearly harmonic. From these and 
Proposition 12. II we conclude that the map is indeed proper biharmonic. 

Example 2. The map <\> : S n (^) x R — > S n+1 x R with <j>(x,t) = (x, 4g,t) is a 
proper biharmonic map. This follows from Proposition 12.11 and the fact that for 
each fixed t, the map is the inclusion S n (^) ■=— > S n+1 which is proper biharmonic 
(0); and for each fixed x G S n (-^), the map is a geodesic in S n+1 x R and hence 
harmonic. 

2.1 Biharmonic maps via orthogonal multiplications. An orthogonal 
multiplication is a bilinear map / : I p x 1' — ► R r such that \f(x,y) \ = \x\\y\. It 
is well known (see, e.g., [UJ, Section (4.16)) that any orthogonal multiplication 
restricts to a bi-eigenmap / : S^ 1 x S^ 1 — > S" r_1 which is totally geodesic 
embedding and hence a harmonic map in each variable separately. Furthermore, 
for the orthogonal multiplications / : I" x 1" — > R n ,n = 1,2,4,8 defined by 
the usual multiplications of algebras of real, complex, quaternionic, and Cay- 
ley numbers, the Hopf construction maps F : K" x K" — > M n+1 defined by 
F(x,y) = (2f(x,y), \x\ 2 — \y\ 2 ) restrict to the Hopf fibrations S 2n ~ l — ► S n which 
are harmonic maps. The following theorem shows that any orthogonal multipli- 
cation can be used to construct a proper biharmonic map from a torus into a 
sphere. 

Theorem 2.2. For any orthogonal multiplication / : l p x R' — > R ra , the map 

<p : W x M. q — > M n+1 defined by (fi(x,y) = {^f{%, y), restricts to a proper 
biharmonic map S 10 ^ 1 x S* 9-1 — > S n . 

Proof. It is easily checked that the map does restrict to a map <fi : S^ 1 x S* 9-1 — > 
S n . Note that, with respect to x-variable (i.e., for each fixed y e 5" 9-1 ), the map 
(f)(-,y ) : S^ 1 — >■ S n is the composition of ip : S^ 1 — >■ 5' n_1 (4|), i/i(x) = 
-jsf(x,yo), followed by the inclusion map i : S ,n_1 (4^) S™. Since / is an 
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orthogonal multiplication, the map tp is a totally geodesic homothetic imbedding 
and hence a harmonic map with constant energy density. It follows from Theorem 
1.1 in [18] that the map </>(•, yo) : S p ~ 4 — > S n ~ 4 (-j=) c — > S n is a proper biharmonic 
map. Similarly, with respect to y-variable the map 4>(xo, ■) : S 19 ' -1 — ► S n is also 
a proper biharmonic map. Applying Proposition 12. II we obtain the theorem. □ 

Corollary 2.3. (Biharmonic tori in S n ) For any k, n > 2, there is a proper 
biharmonic map T k = S 1 x . . . x S 1 — ► S n from flat torus into n-sphere. In par- 
ticular, the map <fi(t, s) = cos(t + s), sin(t + s), is a proper biharmonic 
map from 2-torus T 2 into 2-sphere S 2 . 

Proof. The proper biharmonic flat torus <p : S 1 x S 1 — > S 2 is obtained by 
applying Theorem 12.21 with the orthogonal multiplication / : CxC — > C defined 
by the product of complex numbers, i.e., f(z,w) = zw. In fact, let (z,w) = 
(e lt , e ls ) G S 1 x S 1 . then, By Theorem 12.21 the map can be expressed as <f>(t, s) = 
(^cos(t + s),-^sin(t + s),A=). Note that with respect to each variable the 
map is a proper biharmonic curve (up to an afline transformation of arc-length 
parameter) in S* 2 ([5J). By totally geodesically embedding S* 2 into S n and a 
result in [21] stating that totally geodesically immersing the target manifold of a 
biharmonic map into another manifold does not change the biharmonicity of the 
map we obtain the flat torus in S n . □ 

Remark 2. Note that the proper biharmonic map T 2 — ► S 2 constructed in 
Corollary 12.31 is not onto so the degree of the map is 0. It would be interesting to 
know if there exists proper biharmonic map of degree ±1 from T 2 to S 2 as it was 
showed by J. Eells and J.C Wood [13] that there exists no harmonic map from 
T 2 to S 2 (whatever the metrics chosen) in the homotopy class of Brower degree 
±1. 

Corollary 2.4. (A flat torus in S 4 ) The map (p : (p : S 1 x S 1 — > S 4 defined by 

(p(t, s) = —j= (cost cos s, costsins, sintcoss, sintsins, 1) 
v2 

is a proper biharmonic map. 

Proof. This is obtained by applying Theorem 12.21 with the orthogonal multiplica- 
tion / : R 2 x R 2 — ► R 4 defined (c.f., [28J) by f(x,y) = (x 1 y 1 ,x 2 yi,x 1 y2,x 2 y 2 ). 
Note that in this case, there is an interesting way to see that the map is a 
proper biharmonic curve in S 4 with respect to each variable separately. For in- 
stance, with respect to t- variable (s is fixed), the map becomes a curve <f>(t, s) = 
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Ci cos t + c 2 sin t + c 3 , where 

1 , 1 , 

Ci = -^(coss, sin s, 0, 0, 0), c 2 = — ^=(0, 0, cos s, sins, 0), 
V 2 V2 

c 3 = (0,0,0,0,-^=) 

are three mutually orthogonal vectors in R 5 . It follows from Proposition 4.4 in [5] 
that the t-curve is a proper biharmonic curve in S 4 (up to an affine transformation 
of arc- length parameter). Similarly, with respect to s- variable, the map <fi is also 
a proper biharmonic curve. □ 

Remark 3. (1) A similar construction applies to the family of the orthogonal 
multiplications / : R 2 x R 2 — ► R 4 defined in [28J will produce a family of proper 
flat tori in S A . 

(2) Note that none of the proper biharmonic maps constructed above is an isomet- 
ric immersion. So they are different from the closed orientable proper biharmonic 
embedded surfaces of any genus in S* 4 described in [6]. 

It is also known (see, e.g., [TT], Section (4.16)) that for any bi-eigenmap / : 
SP- 1 x S^ 1 — > S n -\ and harmonic maps ip : M — > S^ 1 and ip : N — ► S q -\ 
then the map f°{<p, ip) : M xN — > S 1 " -1 is also harmonic. We have the following 
generalization. 

Proposition 2.5. Let f : R p x R 9 — > R™ be an orthogonal multiplication, 
and ip : M — ► S^ 1 and ip : iV — > S^ 1 be biharmonic maps, then the map 
fo((p,ip) : MxN — > S 1 ™" 1 is biharmonic. If one oftp andip is proper biharmonic, 
then so is the map f o (tp,ip) : M x N — > S 71 ^ 1 . 

Proof. If / : R p x R 9 — > R n is an orthogonal multiplication, then the bi-eigenmap 
/ : S^ 1 x S^ 1 — ► S'^ 1 is totally geodesic embedding in each variable separately. 
Notice that with respect to x-variable, the map / o (<p,ip)(-,yo) = f(-,ip(yo)) o 
ip, a composition of a proper biharmonic map followed by a totally geodesic 
imbedding. It follows from Proposition 4.4 in [24J that the map / o (<£>, ip) is a 
proper biharmonic map with respect to a;- variable. Similarly, / o (<£>, ip) is also 
proper biharmonic with respect to y-variable. These, together with Proposition 
I2.1[ give the required results. □ 

Corollary 2.6. (Biharmonic tori in S 3 ) For any k > 2, there is a proper 
biharmonic map from flat torus into 3-sphere, T k = S 1 x . . . x S 1 — > S 3 . In 
particular, the maps 0,£ : S 1 x S 1 — > S 3 , 

(5) 0(t, s) = - ( — sin t — cos s, cos t + sin s, cos (t + s), sin (t + s) — l) , 
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and 

, nS + fj _ \ ( 2 t + S . t + S t + S.t + S.t-S 

(o) t[t,s)= cos , sm cos , sm sm , 

\ j sv > i v 2 2 2 2 2 

t + s t — s N 
- sin — cos_ 2~~ )' 

define two proper biharmonic flat tori in S 3 . 

Proof. For the last statement, let / : I 4 x R 4 — ► M 4 be the orthogonal multipli- 
cation defined by the quaternion product 

(7) f((xi, x 2 , x 3 , x 4 ), (j/i, 2/2, 2/3, 2/4)) = xy 

= (xiyt - x 2 y 2 - x 3 y 3 - x 4 y 4 , x x y 2 + x 2 y x + x 3 y A - x 4 y 3 , 
x x y 3 - x 2 y A + x 3 yi + x 4 y 2 , x x y 4 + x 2 y 3 - x 3 y 2 + x 4 y x ). 

It restricts to a bi-eigenmap f : S 3 x S 3 — > S* 3 . Let <p,i>,cr : S 1 — > S 3 be 
the non-geodesic biharmonic curves (up to an affine transformation of arclength 
parameter) defined (0) by tp{t) = (%%^,0), i>(s) = (0,^,^,^), 
and a(s) = ( £ ^, — ^7^, 0) respectively. Then, by Proposition 12.51 we obtain 
a proper biharmonic map 
/ o (cp, </>) : S 1 x S 1 — ► S 3 defined by 

„ / . 1 / v .cost sin t 1 1 cos s sin s x 

(8) / o m , s) = (— — - m - 2 ——) 

= - ( — sin t — cos s, cos t + sin s, cos (t + s), sin (t + s) — l) . 

A straightforward computation shows that s) = / o a) which is also a 
proper biharmonic map by Proposition 12.51 

Applying a similar construction to k multi-eigenmap S 3 x • • • x S 3 — > S 3 we 
obtain the biharmonic flat tori T k in S 3 which gives the first statement of the 
corollary. □ 

Remark 4. (i) We would like to point out that, by a classification theorem in 
[5], the only proper biharmonic isometric immersion from a surface into S 3 is the 
inclusion map of (a part of ) S 2 (-^=) C S 3 . Our proper biharmonic maps jSJ) and 
([6]) from flat torus into S 3 is clearly not isometric immersions, 
(ii) We also note that there are many harmonic maps from flat torus into S 3 . For 
example, one can check that the following family (in parameter s) of maps: (p s : 
S 1 xS 1 — > S 3 defined by ip s (x, y) = (cos s cos x, cos s sin x, sins cosy, sinssinj/) 
are harmonic maps for all s G [0, 7r/2] (see [2] for details). 
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Example 3. Proper biharmonic maps from S 2 x S 2 , S 2 x S 1 and S 2 x S 3 
into S 3 . 

Let / : S 3 x S 3 — > S 3 be the bi-eigenmap defined by the product of quater- 
nion. Let ip : S 2 — > S 3 be the biharmonic map defined ([5]) by </p(xi, x%, x 3 ) = 
(Jl> vf ' vt> 7l)' ^ : Sl — * S * be the S eodesic defined by ip(yi,y 2 ) = (yi, y 2 , 0, 0), 
and i : S* 3 — ► S 3 be the identity map defined by i(yx, y 2 , 2/3, 2/4) = (2/1, 2/2, 2/3, 2/<t)- 
Then, it follows from Proposition 12.51 that each of the following three maps into 
3-sphere is a proper biharmonic map: 

(a) / o (ip, ip):S 2 xS 2 — > S 3 with 

x l x 2 x 3 1 2/1 2/2 2/3 1 

(9) / o („,„)(*,,*»,»»,»,«,,,,,) = (^, -^(-^ 7f , ^) 

1 

= 2^ l2/l ~ X22/2 ~~ %3V3 ~ XlV2 + %2Vl + %3 ~ V3 ' XlV3 + %3Vl ~ X2 + 2/ 2 ' 
2 2 2/3 - 2 3 2/2 + Vi), 

(b) / o tfj)-.S 2 x S 1 — ► S 3 with 

(10) fo (ip,if;)(x 1 ,x 2 ,x 3 ,y 1 ,y 2 ) = (^=, ^=)(y 1 ,y 2 ,0,0) 

(c) / o (ip, i):S 2 xS 3 — ► S 3 with 

(11) f o(<f,i)(xi,X2,x 3 ,y 1 ,y 2 ,y 3 ,y4) = (-j=, -j=, -j=, — t=)(z/i, 2/2, 2/3, 2/4) 

1 , 

= -^{xiyi - x 2 y2 - x 3 y 3 - y 4 , x x y 2 + x 2 2/i + £32/4 - 2/3, 

^12/3 + 2?32/l - 222/4 + 1/2, 222/3 - 2 3 2/2 + 2i2/4 + 2/l)- 

Corollary 2.7. Lei G 6e Lie group with bi-invariant Riemannian metric, and 
f : G x G — > G be the product of the Lie group. Let if : M — > G and 
ip : N — > G be biharmonic maps. Then, the map f o if>) : M x N — > G is 
a biharmonic map. If one of tp and if> is proper biharmonic, then so is the map 
f o (ip,ip) : M X N — > G. 

Proof It is easy to see that the product map / of the Lie group is an isometry 
with respect to each variable separately. Noting that each of these isometries 
is an isometry between the same dimensional manifolds we conclude that / is 
totally geodesic with respect to each variable separately. An argument similar to 
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the one used in the proof of Proposition 12.51 applies to give the statements of the 
corollary. □ 

The following proposition shows that orthogonal multiplications can also be 
used to construct proper biharmonic maps into Euclidean space. 

Proposition 2.8. Let f : MP x R 9 — > R ra be an orthogonal multiplication, and 
if : M — > R p and ip : N — ► R 9 be biharmonic maps, then the map f o (ip, ip) : 
M x N — > R n is also a biharmonic map. Furthermore, if one of (p and ip is 
proper biharmonic, then the map fo(<p, ip) : M x N — ► R n is proper biharmonic. 

Proof. This follows from an argument similar to the one used in the proof of 
Proposition 12.51 and the fact that with respect to each variable, the orthogonal 
multiplication / : R p x R 9 — > R n is a homothetic totally geodesic imbedding. □ 

Example 4. Let / : M 4 x K — > R 4 , f(x, y) = xy be the orthogonal multiplication 
defined by the product of quaternions. Let ip : R 4 \ {0} — > R 4 be the inversion 
about 3-sphere. Then, by Proposition 12. 8[ we have a proper biharmonic map 
defined by rational functions: / o (tp, ip) : (R 4 \ {0}) x (R 4 \ {0}) — > R 4 , / o 
(<f, ip)(x, y) = \ x \2\ y \2 , where xy denotes the quaternion product of x and y. 

Example 5. Let / : R 3 x R 3 — > R 4 , be the orthogonal multiplication defined by 
the restriction of the product of quaternions, i.e., 

(12) f((xi, x 2 , ar 3 ), (yi, y 2 , ya))) = fa, x 2 , x 3 , 0), (y x , y 2 , y 3 , 0)) 

= fayi - x 2 y 2 - x 3 y 3 , xiy 2 + x 2 yi, x l y 3 J r x 3 y 1 , x 2 y 3 -x 3 y 2 ) 

Let cp : (R 2 ,(7 = e X2 (dx\ + dx%)) — ► R 3 , cp(xi,x 2 ) = (cos 21, sin x\,x 2 ) be the 
proper biharmonic conformal immersion of R 2 into Euclidean space R 3 Q25J). 
Then, by Proposition 12. 8[ we have a proper biharmonic map 

/ o {tp, <p) : (R 4 , e X2 (dxj + dx\) + e V2 (dyl + dy 2 2 )) — ► R 4 defined by 

(cos fa + yi) - x 2 y 2 , sin (xi + yi), y 2 cos x x + x 2 cos y x , y 2 sin x\ - x 2 sin y x ). 

2.2 More on biharmonic maps between spheres and into spheres 

There are many harmonic maps between spheres which include the standard 
minimal isometric immersions (embeddings) of spheres into spheres. To the au- 
thor's knowledge, the only known examples of proper biharmonic maps between 
Euclidean spheres seem to be the following: 

(1) the inclusion map Q5J) i : 5 m (^) ^ S m+1 , i(x) = (x, -±=) for x E 
R m+1 with \x\ = or more generally, homothetic immersion (j) : S m 
S m +\ i(x) = (An, 4=) for x E R m+1 with |x| = 1 (see [S] for details); 
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(2) The composition of minimal isometric immersion S k (-^) S m (-^) fol- 
lowed by the inclusion S m (-?=) 5"" +1 ([6], [IH]), the composition of 
Veronese map: S 2 {y/3) ^ S A (^) ^ S 5 (©); 

(3) The composition of the Hopf map and the inclusion: S 3 (^=) — > S 2 {^=) 
S 3 ([18J), and more generally, the pull-backs of proper biharmonic maps 
S m (^) ^ S m+1 (m = 2,4,8) by the Hopf fibrations S 2 " 1 ' 1 — > S m (±) 

(M- 

The following construction can be used to produce many proper biharmonic 
maps between Euclidean spheres. 

Theorem 2.9. For any eigenmap f : S 1 ™ -1 — > S*™ -1 i/iere zs an associated 
proper biharmonic map F : S™ 1 ^ 1 — > S n defined by F(x) = i^f{ x )j^)- 

Proof. It is well known that any eigenmap / : S m ~ l — ► S^ 1 comes from 
the restriction of a homogenous polynomial map (denoted by the same /) / : 
M. m — ► M. n . Notice that the map F is the composition of the map ip : S 1 " 1-1 — ► 
S n -\^), ip{x) = ^/(z), followed by the inclusion i : S n -\^) ^ S n , i(x) = 
(x, for x G W 1 with \x\ = ^. Let p : S 11 ' 1 — ► S 71 ' 1 ^) denote the homo- 
thetic map defined by p(y) = -^y for y G M. n with \y\ = 1. Then, tp — p o f. 
Since the homothety p is a totally geodesic map, a well-known fact about the 
composition of harmonic maps implies that ip = p o f is harmonic. On the other 
hand, it is not difficult to check that the energy density e(if)) = §e(/) is a constant 
since e(f) is constant by the definition of an eigenmap. By Theorem 1.1 in [TB] 
we conclude that the map F is a proper biharmonic map. □ 

Remark 5. As we can see from Theorem 12.91 and the introduction in this section 
that all known examples of proper biharmonic maps between spheres come from 
the construction given in Theorem 12.91 It would be interesting to know whether 
there is other type of proper biharmonic maps between spheres. 

Theorem 2.10. Let ip : M — > S p and ip '■ N — > S q be harmonic maps with 
constant energy density from compact manifolds, and j : S p (-j=) x S q (-^=) c — > 
S p+q+1 ,p 7^ q, be the standard inclusion. Then, = j o (-^=, -^=) : M x N — > 
gp+q+i ^ s a p r0 p er biharmonic map. 

Proof. For fixed y G N, the map (f)(x,y ) = (^§^^p)- It is n °t difficulty to 
see that there is an isometry of a : S p+q+1 — > S p+q+1 such that the composition 
o~o(j)(x, yo) = {ip(x), 0) G W +1 xtxR' which can be viewed as the composition 
p o i o ip : (M,g) — > S p {^) ^ S p+1 ^ S p+q+1 with i : S p {^) ^ S p+l being 
the standard inclusion, p : S p+1 S p+q+1 being a totally geodesic imbedding. It 
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follows that po'ioip is a proper biharmonic map, i.e., is proper biharmonic with 
respect to x- variable. A similar argument shows that is also proper biharmonic 
with respect to y-variable. Therefore, by Proposition l2.1[ is a proper biharmonic 
map. □ 

Corollary 2.11. (1) Let p : S m — > S p and ip : S n — > S q be any eigenmaps, 
then the map : S m x S n — > S p+q+1 with (p(x,y) = ^(ip(x),ip(y)) is a proper 
biharmonic map for p ^ q; 

(2) Let <p : S mi xS m2 — > S p and^p : S ni xS n ' 2 — > S q be any bi-eigenmaps defined 
by orthogonal multiplications, then the map : S mi x S m2 x S ni x S n2 — ► 5*p+<?+i 
with <p(xi,x 2 ,yi,y 2 ) = ^(f( x ii x 2), , 2/2) ) is a proper biharmonic map for 

p ^ q; 

Remark 6. When cp : S k (^) — ► S p , <p(x) = V2x and ip : S k {±) — ► 

S q , Tp(y) = V2y be the homothetic minimal embedding of spheres into spheres, 
our Theorem 12.101 recover part of results in Proposition 3.10 and Theorem 3.11 
in [6] 

Example 6. Let ip : S 1 — ► S 1 , <p(z) = z, z e C be the identity map and ip : 
S 3 — > S 2 be the Hopf fibration defined by ip(x,y) = (2xy, \x\ 2 — \y\ 2 ),x,y G C. 
Then, by Theorem 12.10} we have a proper biharmonic map : S 1 x S 3 — > S A 
with (f)(z, x, y) = ^-(z, 2xy, \x\ 2 - \y\ 2 ). 

Example 7. Let p> : S 1 — >■ S 1 , <p(z) = z, z G C be the identity map and ip : 
S 2 — > S 2 be a family of isometries (with parameter t) defined by i[)(yi,y2, ys) = 
(yi cos t + yi sin t, —y\ sin t + y 2 cos t, yz),y G S 2 . Then, by Theorem 12.101 
we have a family of proper biharmonic map : S 1 x S 2 — > S 4 with (j) t (z,y) = 
■^(z, yi cos t + y 2 sin t, —y\ sin t + y 2 cos t, ys). In particular, when t = 0, the 
proper biahrmonic map becomes <po(z,y) = -^(z, y), the standard homothetic 
embedding which is the composition S 1 x S 2 S 1 (^) x S 2 (^) S 4 . 

For classification results on proper biharmonic isometric immersions into spheres, 
i.e., proper biharmonic submanifolds in spheres see a recent survey in [1]. 

2.3 Biharmonic maps by complete lifts. Let p> : M m D U — > ~§t n be 
a map into Euclidean space. The complete lift of ip is defined in [22J to be a 
map : U x W m — >■ R n with (f)(x,y) = (d x ip)(y). It was proved in [22] that 
the complete lift of a harmonic map is a harmonic map, the complete lift of a 
quadratic harmonic morphism is again a quadratic harmonic morphism. We will 
show that the complete lift method can also be used to produce new biharmonic 
maps from given ones. 
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Proposition 2.12. The complete lift of a proper biharmonic map is a proper 
biharmonic map. 

Proof. Let ip(x) = (^(x), f 2 (x), • • • , ip n (x)), then, by definition, 

<P( x i y) = {YT=i a^Vii 5Xi i^Vii • • • > YT=i t^ih)- lt is eas y to check that a ma P 

into Euclidean space is biharmonic if and only if each of its component function is 
biharmonic. Let A( ajJ/ ) denote the Laplacian on U xR™, clearly, A^y) = A x + A r 
Therefore, 

m r, a 

(13) ^\ x , y) n^y) = &(*,y)( A (*,y)(Yl &^)) 



i=i 



m £i a m Q 

i=l ' i=l 

from which we obtain the proposition. □ 

Example 8. Let 9? : R 4 \ {0} — ► R 4 be the inversion about 3-sphere in R 4 defined 
by f(x) = x/\x\ 2 which is known (pQ) to be a proper biharmonic map. Its 
complete lift <\> : R 4 \ {0} x R 4 — ► R 4 is defined by 

4 4 
(f){x,y) = \x\~ 4 ((\x\ 2 - 2x 2 1 )y 1 - 2x 1 ^x i y i , (\x\ 2 - 2x 2 2 )y 2 - 2x 2 x^, 

4 4 

(14) ( \x\ 2 - 2x3)2/3 - 2x z s ^x i y i , (\x\ 2 - xl)y 4 -2x A s ^2,x i y l ), 

i^4 

which is a proper biharmonic map by Proposition ^. 121 Note that this is another 
example of proper biharmonic map defined by rational functions. 

2.4 Biharmonic maps by direct sum construction. Let if : M — > R n 

and if) : iV — > R n be two maps. Then the direct sum of if and if> is defined (see 
[2T] and also [2j) to be the map 

<^©V:MxiV — > R n 

given by 

(y>® V0(p>?) = v(p) +^(9) 

where M x iV is the product of M and N, endowed with the Riemannian product 
metric G = g x h. An immediate consequence of Proposition 12.11 is the following 

Corollary 2.13. The direct sum of biharmonic maps is again a biharmonic map; 
the direct sum of a harmonic map and a proper biharmonic map is a proper 
biharmonic map. 
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Example 9. The map (ft : (R 3 ,g = e X2 (dx\ + dx\) + dx\) — ► R 3 defined by 
<f)(xx, x 2 , x 3 ) = (cos x\ + 3x 3 , sin X\ + 2x 3 , x 2 — x 3 ) is a proper biharmonic map. 
This follows from Corollary 12.131 and the fact that the map (ft is the direct sum of 
the the geodesic (map) ip : M 1 — > M 3 defined by ip{xz) = (3x3, 2^3, -^3) and the 
map cp : (IR 2 ,g = e X2 (dx\ + dx§)) — > IR 3 , ^(^1,^2) = (cos xi,sin xi,X2), which is 
a proper biharmonic conformal immersion of IR 2 into Euclidean space IR 3 ( [25] ) . 

3. Biharmonic maps into a product manifold 

The graph of a map ip : (M, g) — > (N, h) is defined to be the map : M — > 
(M x N,g x h) with 0(x) = (x, ip(x)) which is easily checked to be an embedding. 
So with respect to the pull-back metric <f>*(g + h) = g + ip*h the graph is an 
isometric embedding whilst with respect to the original metric g on M it need 
not be so. The harmonicity of the graph of a map ip with respect to the pull-back 
metric (jf{g + h) = g + ip*h and the original metric g on M were studied in [T2] 
and [TDJ. 

Proposition 3.1. ([12J, 2 (E)) Let ip : (M, g) — ► (N,h) be a map. Then, the 
graph (f) : (M,g) — > (M x N,g x h) with <j>{x) = (x,i/)(x)) is a harmonic map if 
and only if the map ip : (M, g) — > (N, h) is a harmonic map. 

Proposition 3.2. ([ID]) Let ip : (M,g) — ► (N,h) be a map. Then, the graph 
<p '■ (M, 4>*(g x h)) — ► (M x N,g x h) with <f>(x) = (x, ip(x)) is a harmonic map if 
and only if both ~K\ otfi and 7r 2 o<fi = are harmonic, where Ti\ : (M x N,gx h) — ► 
(M, g) and 7r 2 : (M x N, g x h) — ► (N, h) are the projections onto the first and 
the second factor respectively. 

We will show that these results generalize to the case of biharmonic maps. 
Actually, we will prove that the generalizations follow from the following theorem. 

Theorem 3.3. (Biharmonic maps into product spaces) Let ip : (M,g) — ► 
(Ni, hi) and ip : (M,g) — > (N 2 , h 2 ) be two maps. Then, the map (ft : (M,g) — ► 
(Ni x N 2 , hi x h 2 ) with (ft(x) = (tp(x),ip(x)) is biharmonic if and only if both map 
ip and ip are biharmonic. Furthermore, if one of ip and ip is harmonic and the 
other is a proper biharmonic map, then (ft is a proper biharmonic map. 

Proof. It is easily seen that 

(15) d(ft(X) = dip(X) + dip(X), V X G TM. 
It follows that 

(16) V^d0(F) = V^d^(F) + V* x dip(Y), VI, 7 6 TM. 



CONSTRUCTIONS OF BIHARMONIC MAPS & CHEN'S CONJECTURE 15 

Let {ei, . . . , e m } be a local orthonormal frame on (M, g) and let Y = Y l ei, then 
dif(Y) = Y l (pf(E a o ip) for some function ip® defined locally on M. A straightfor- 
ward computation yields 

(17) = [X{Y^r)]{Eaop) + {Y^^)V N 4 {x) {E a op) 

= V x (Y^)(E a op) = V x dp(Y). 

Similarly, we have 

(18) V^d^(F) = V X ^{Y). 
By using (jI51). (ITB]I . (flTl), and (IT81 we have 



i=l 
m 



(19) = ^^tM^-M^eJ + VtM^-Wi^ei)} 



i=l 



= r((p) + T(ij)). 

To compute the bitension field of the map 0, we notice that r{ip) is tangent 
to N\ whilst r{jp) is tangent to N 2 . We use the property of the curvature of the 
product manifold to have 

R ArixAr2 (d0(e J ),r(0))d0(e 4 ) 
= R iVl (d^(e,),r(^))d^(e J ) + R^(d(d^(e 4 ), r(^))d^(e,). 

Therefore, 

m 

r 2 (0) = ^{VtVtr(0)-V^ ei r(0)-R^ x ^(d0(e i ),r(^))d0(e i )} 
i=i 

m 

(20) = £{V£V£r(<p) - V^rfoO -R JVl (d^),r(^))d^)} 



i=i 



i=l 

= r 2 (^) + r 2 (^), 

from which, together with (119]) the theorem follows. □ 



The following corollary generalizes Proposition 13.11 in [12J and can be used to 
produce proper biharmonic maps from given ones. 



16 



YE-LIN OU* 



Corollary 3.4. Let ip '■ {M, g) — > (N, h) be a map. Then, the graph <p : 
(M,g) — > (M x N,g x h) with <f>{x) = (x,ip(x)) is a biharmonic map if and 
only if the map ip : (M, g) — > (N, h) is a biharmonic map. Furthermore, if ip is 
proper biharmonic, then so is the graph. 

Proof. The corollary follows from Theorem 13.31 with (p : (M,g) — ► (M,g) being 
identity map which is harmonic. □ 

Example 10. The map <p : R 4 \ {0} — > R 4 x R 4 given by <p(x) = (x, x/\x\ 2 ) is 
a proper biharmonic map. This follows from Theorem 13.31 and the fact that <p is 
the graph of the inversion ip : R 4 \ {0} — > R 4 defined by ip(x) = x/\x\ 2 which is 
known ([I]) to be a proper biharmonic map. 

Example 11. The map p : (R 2 , g = e X2 (dx\ + dxf)) — ► (R 2 x R 3 ,e X2 (dxl + 
dxl) + dx\ + dx\ + dx"l) defined by -0(xi,x 2 ) = (xi,x 2 ,cos Xi,sin xi,x 2 ) is a 
proper biharmonic map. This is because the map <fi is the graph of the map 
ip : (M 2 ,g = e X2 [dx\ + dx%)) — > M 3 , ip(xi,x 2 ) = (cos Xi,sin xi,x 2 ), which is a 
proper biharmonic conformal immersion of R 2 into Euclidean space R 3 (|25j). 

Another consequence of Theorem 13.31 is the following 

Corollary 3.5. Let ip : (M,g) — ► (N,h) be a map. Then, 

(1) the graph <p : (M,<p*(g x h)) — > (M x N,g x h) with <p(x) = (x,ip(x)), is a 
biharmonic isometric embedding if and only if both maps (p : (M, g + ip*h) — ► 
(M,g) with <p(x) = x and ip : (M,g + ip*h) — > (N, h) are biharmonic. Further- 
more, if one of the component maps is proper biharmonic then so is the graph (f>; 

(2) A submanifold ip : (M,g) — > (N,h) is biharmonic if and only if its graph 
<p : (M,g) — ► (M x N,g x h) with <f)(x) = (x,ip(x)) is a biharmonic embedded 
submanifold. 

(3) The graph of ip : (M 2 ,g) — > (N,h) is a biharmonic isometric embedding if 
and only if the map ip : (M 2 , g + ip*h) — ► (N, h) is biharmonic. 

Proof. The Statement (1) follows from Theorem 13.31 immediately For Statement 
(2), note that if ip : (M,g) — > [N,h) is an isometric immersion, then <p*{g x 
h) = 2g, from which and Theorem 13.31 we obtain the required result. To prove 
Statement (3), first note that, by Theorem 13. 3[ the biharmonicity of the graph 
is equivalent to the biharmonicity of ip : (M 2 ,g + ip*h) — > (M 2 ,g) and ip : 
(M 2 ,g + ip*h) — > (N,h). Since ip is an identity map between two Riemann 
surfaces, one can easily check that ip is harmonic. It follows that (p is biharmonic 
if and only if ip is biharmonic. □ 
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4. BIHARMONIC GRAPHS AND CHEN'S CONJECTURE 



Concerning biharmonic submanifolds of Euclidean space we have the following 
Chen's Conjecture: any biharmonic submanifold of Euclidean space is mini- 



Jiang [16] , Chen-Ishikawa [8] proved that any biharmonic surface in R 3 is min- 
imal; Dimitric [9J showed that any biharmonic curves in R n is a part of a straight 
line, any biharmonic submanifold of finite type in R n is minimal, any pseudo- 
umbilical submanifolds M m C R n with m ^ 4 is minimal, and any biharmonic 
hypersurface in R n with at most two distinct principal curvatures is minimal; it 
is proved in [T4] that any biharmonic hypersurface in R 4 is minimal. However, 
the conjecture is still open. 

As any hypersurface of Euclidean space is locally the graph of a real-valued 
function, we believe that the next strategic step in attacking Chen's conjecture 
is to check whether a biharmonic graph in Euclidean space is minimal. The 
following theorem gives conditions on a real-valued function whose graphs pro- 
duce biharmonic hypersurfaces in a Euclidean space, from which we obtain an 
equivalent analytic formulation of Chen's conjecture. 

Theorem 4.1. (I) A function f : R m D D — > R has biharmonic graph 
{(x, f(x)) : x £ D} C R m+1 if and only if of f is a solution of 



where the Laplacian A and the gradient V are taken with respect to the induced 
metric gij = ^ + fofj. 

(II) The following statements are equivalent: 

(i) Any biharmonic hypersurface in Euclidean space R m+1 is minimal ( Chen's 
Conjecture for biharmonic hypersurfaces \7\); 

(ii) Any solution of Equation ( fffij) is a harmonic function, i.e., Af = 0. 

Proof. To prove Statement (I), let / : R m D D — ► R with f = f{x u . . . ,x m ) 
be a function. Then, by Corollary EJg the graph : R m D D — ► R m+1 with 
4>(x) = (x±, . . . , x m , f(x±, . . . , x m )) is a biharmonic hypersurface if and only if 
all component functions are biharmonic with respect to the induced metric g = 
idij) = + fifj)- This is equivalent to / being a solution of 



mal. 



(21) 




(A/ Jfc )A/ + 2^(V/ fc ,VA/)=0, k = 1,2,..., 



m, 



(22) 




Xk = 0, k — 1, 2, . . . , m. 
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To prove the equivalence of (12"T|) and (122]) we need to find a way to compute 
the Laplacian on the hypersurface. To this end, we use the standard Cartesian 
coordinates (x%, . . . , x m , xq) in M m+1 and with respect to which the standard Eu- 
clidean metric is given by h = dx\ + . . . + dx 2 m + dx\. We will use the notations 
^ = ^7' ? = 0; 1> 2, . . . , m, /j = and = • 

Claim: The Laplacian on the hypersurface with respect to the induced metric 
g is given by 



(23) A,/ ,/",/,, A./^/. 



i=i 



where it is any function defined onDC ]R m and Af = ^n^yp 

Proof of the Claim: It is easy to check that 

= d0(<9i) = ft + /;<9 , i = 1, 2, . . . , m, 



(24) 



e = (-V / + ^)/v / l + |V /| 



2 



where Vo denoting the Euclidean gradient, form a frame (not necessarily an or- 
thonormal one) on M m+1 adapted to the hypersurface with £ being the unit normal 
vector field. Clearly, the induced metric on the hypersurface has components 

(25) ( 9lj ) = {{X U X,)) = (<% + ftfr), {gV) = ( 9ij r\ 

Let V denote the connection of the ambient Euclidean space. Then, we have 

(26) V Xi Xj = V im+d Md + dj) = fydo. 

The second fundamental form of the hypersurface with respect to the frame 
{Xi} is give by 



(27) b ij = b(X i ,X j ) = (V Xi X j ,Z) 



fij 



'1 + |V„/| 5 



We can apply the Gauss formula V x t Xj — V Xi Xj = b(Xi, Xj)£ for a hypersur- 
face to have 

(28) V Xi X d = Vx.Xj - b(Xi, Xj)Z 

= ^(Vo/ + |V /i 2 9o)/(l + |Vo/i 2 ), 

from which, together with the formula Ait = g l: '{XjX i u — V Xi Xju), we obtain 
the Claim. 
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Using (I2"3"j) and a straightforward computation we have 
(29) Af 



i + ivo/r 

and 

(30) Ax k = -f k Af, k = l,2,...,m. 

A further computation using fl23l . fl29|) and fl30|) shows that f[22l) is indeed 
equivalent to fl2Tl) . which ends the proof of the first statement. 



For statement (II), first notice that the mean curvature of the graph is given 

by 

(31) mH = g^bij = -. €M = Jl + |V /| 2 Af. 

' / 1 + |V /| 2 



It follows that the function / has minimal graph if and only if the graph 0, as 
an isometric embedding, is harmonic. This is equivalent to the vanishing of both 
(1291) and (|30|) . which is equivalent to / being a harmonic function with respect 
to the metric (fi*h = = Sij + fifj (and, by (1311) . it is equivalent to the mean 
curvature H vanishes identically). 

By the implicit function theorem any hypersurface is locally the graph of a 
function. It follows that the existence of a non-harmonic biharmonic hypersurface 
is equivalent to the existence of a solution of (|2~T1) which is not harmonic, from 
which we obtain the Statement (II) which completes the proof of the theorem. □ 

Remark 7. We notice that the well-known Bernstein's conjecture and Chen's con- 
jecture on biharmonic hypersurfaces are similar in the following sense: Bernstein 
conjecture claimed that for m > 2, any entire solution of the minimal graph 
equation 

fifj 



A/ = = £(,,__^_^ = o, 



i,3=l 



is trivial, i.e., / is an affine function. According to our Theorem 14.11 Chen's 
conjecture for biharmonic hypersurfcaes is equivalent to claiming that for m > 2, 
any solution of the biharmonic graph equation 



(32) 



A(A/) = 0, 

(A/ fc ) Af + 2g(Vf k , VAf) = 0, k = 1, 2, . . . , m, 
is trivial, i.e., Af = 0. 
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We know that Bernstein's conjecture is true for m = 2 (Bernstein, 1915), 
m = 3 (De Giorgi,1965), m = 4 (Almgren, 1966), and m < 7 (J. Simons, 1968); 
however, it fails to be true for m > 7 (Bombieri-De Giorgi-Giusti, 1969). We are 
not sure whether the similarity between the two conjectures implies that Chen's 
conjecture is more likely to be false. We do hope that the equivalent analytic 
formulation of Chen's conjecture for biharmonic hypersurfaces and its interesting 
link to Bernstein's conjecture will attract more work and especially more analytic 
study of the conjecture. 
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